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Abstract

States in °Zr have been observed with the (n, n’7y) reaction using both spalla-
tion and monoenergetic accelerator-produced neutrons. A scheme comprised
of 81 levels and 157 transitions was constructed concentrating on levels below
5.6 MeV in excitation energy. Spins have been determined by considering
data from all experimental studies performed for 2°Zr. Lifetimes have been
deduced using the Doppler-shift attenuation method for many of the states
and transition rates have been obtained. A spherical shell-model interpreta-
tion in terms of particle-hole excitations assuming a 88Sr closed core is given.
In some cases, enhancements in B(M1) and B(E2) values are observed that
cannot be explained by assuming simple particle-hole excitations. Shell-model

calculations using an extended fpg-shell model space reproduce the spectrum



of excited states very well, and the gross features of the B(M1) and B(E?2)
transition rates. Transition rates for individual levels show discrepancies be-

tween calculations and experimental values.
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I. INTRODUCTION

907Zr is often treated as a closed subshell nucleus in shell-model calculations for the mass
90 region. With N = 50, the neutron shell is closed, and there is a gap in the single-
particle level spacing separating the gg/» proton orbital from the lower fp shell. However,
the energy gap between the p;/; and gy, orbitals is not so pronounced that these orbitals are
completely isolated from each other. This fact is perhaps best reflected in the mixing that
occurs in %°Zr between the 0% ground state and the first-excited 0" state, which is also the
first excited state, with the result that the ground state is described by the wave function
a(mp12)? + b(mge/2)3_y with a = 0.8 and b = 0.6 [1].

As the core for many calculations, °Zr has been studied in great detail by a variety
of probes in order to understand its level structure. One of the most important quan-
tities needed for shell-model calculations is the single-particle energies. These are best
determined through single-nucleon transfer reactions into the odd mass neighbors. Inter-
action matrix elements can be determined from detailed studies of the levels in %°Zr itself,
and transfer reactions have again been extensively used for this purpose: Zr(p,d)*Zr
and “'Zr(3He,a)™Zr reactions [1,2] for the neutron states and for the proton states the
Y (*He,d)*Zr and ®*Nb(p, a)?Zr reactions [3,4].

The initial aim of this project was to measure the prompt y-ray production cross sections
induced by fast neutron bombardment of *°Zr at the Los Alamos Neutron Science Center-
Weapons Neutron Research (LANSCE/WNR) facility. In the analysis of the cross section
data, it was found that many of the v rays associated with the (n,n’vy) channel could not be
placed in the known level scheme. Therefore, the level scheme of *°Zr had to be extended.
During the course of the work, it was found that Zr had also been studied [5] with the
(n,n’7y) reaction at the University of Kentucky, but the results had not been published. We
therefore decided to combine the results from both sets of experiments; the LANSCE/WNR
data had the advantage that -y coincidences were recorded, while lifetimes were obtained

from the Kentucky data using the Doppler shift attenuation method. The lifetimes allowed



many transition rates to be determined, providing a check on configuration assignments and

a sensitive test of the shell-model calculations.

II. EXPERIMENTAL DETAILS AND RESULTS

A. Measurements using the WNR spallation source

An experiment to measure the absolute v-ray cross sections was performed at the LAN-
SCE/WNR facility using the germanium array for neutron induced excitations (GEANIE)
spectrometer. At the WNR facility, spallation neutrons are produced by bombarding a "W
target with 800 MeV protons from the LANSCE linac. The pulsed proton beam was deliv-
ered with a 1.8 us spacing in 625 us macropulses at a macropulse rate of typically 100 Hz
resulting in a duty factor of 6%. The “white” neutron spectrum produced decreases nearly
exponentially with increasing neutron energy and has a maximum energy near 800 MeV.
Beam hardening materials, consisting of 1.25 cm of Pb and 1.25 cm of borated high-density
polyethylene, were placed in the 60°R neutron flight path at approximately 7 m from the
natWW target. The neutrons were collimated to a circular beam spot about 1.5 cm in diameter
(FWHM) at the scattering-sample position located 20.34 m from the neutron production
target. The scattering sample consisted of 6.34 g of metallic Zr, enriched to 97.65% (as
indicated by the supplier, the Isotopes Sales Division of Oak Ridge National Laboratory).
The Zr sample was disk-shaped with a diameter of 2.5 cm and was placed at an angle of
109° with respect to the beam direction; the Zr sample intersected the entire neutron beam.

The scattering sample was placed at the focus of the GEANIE spectrometer, which
consisted of 11 planar detectors and 15 25% HPGe coaxial detectors. All planar detectors
were equipped with bismuth germanate (BGO) suppression shields, with Nal nose cones,
while only 9 of the coaxial detectors were equipped with BGO suppression shields. The
planar detectors were arranged in rings at angles of 27.4° (4 detectors), 58.4° (2 detectors),

128.0° (1 detector), and 142.7° (4 detectors) with respect to the neutron beam direction,



and 7-ray events of E, < 1 MeV were processed. The coaxial detectors were arranged in
rings at angles of 56.6° (2 detectors), 77.7° (2 detectors), 100.5° (4 detectors), and 129.5°
(1 detector), and 7-ray events were recorded up to E, = 4 MeV. The front faces of the Ge
detectors were located at an average distance of 14.4 cm from the Zr scattering sample. Data
were collected in singles-and-higher-fold mode, resulting in a total array rate of 4-5 kHz.
For each event, a master gate window of 20 us was opened during which all unsuppressed
pulses from the Ge detectors were analyzed. The data stream consisted of a bit determining
whether the event occurred in or out of the macropulse (i.e., in-beam or out-of-beam), the
time relative to the start of the macropulse (CLOCK, recorded in 100 ns intervals), the
energy E., and (if in-beam) the time ¢, relative to the proton micropulse for each detector
which indicated an event.

In the off-line analysis of the data, events were separated depending on whether they
occurred in-beam or out-of-beam. A variety of data matrices were created, including E,
vs.  time-of-flight (TOF), as well as y-vy coincidences, for the in-beam data, and E. wvs.
CLOCK and 7-7v coincidences for the out-of-beam data. The collection of data between the
macropulses proved to be advantageous as the spectra were rich in 7 rays from well-studied
Bt and EC decays. Since the parent nuclei were produced by neutron reactions in the
sample, the efficiency curve constructed from the out-of-beam data included corrections for
sample attenuation and geometry effects. This enabled a detailed check of the previously
determined absolute efficiency curve. The energy calibration was performed using the ener-
gies of well-known lines from the “°Zr+n products. A nonlinearity polynomial was extracted
by examining the deviation of the energy of a v ray determined from a least-squares linear
energy calibration from its tabulated value [6]. The energy calibration was applied to all
~ rays observed from “°Zr. Shown in Fig. 1 is the spectrum obtained with the coaxial Ge
detectors after selecting event times corresponding to E, =2-12 MeV neutrons. Most of
the ~y rays observed in this spectrum are from the *°Zr(n, n'y) reaction. There is a large
background present from neutron interactions on the Ge detector crystals that obscures °Zr

~-ray in these regions.



Excitation functions were obtained by determining the yield of a particular v ray as a
function of neutron energy and dividing by the corresponding number of neutrons incident

on the target, i.e.,

0\ A"/(EwEn)
7 ) = NN B T @

The quantity A, (E,, E,) is the number of photopeak events for a 7 ray of energy E., at
a mean neutron energy E,, €,(E,) is the absolute y-ray photopeak efficiency, N; is the
target areal density of *Zr, LT, is the live time for v ray detection, « is the total conversion
coefficient, and N,,(E,,) is the number of neutrons incident on the target at a mean energy of
E,, (see below). The number of neutrons is determined using a fission chamber (see below)
that is treated equally in the data acquisition system, producing more reliable results. The
peak areas A, are found by fitting the projected spectra from the E, vs. TOF matrix
applying the time conditions T7L <T < Tf where AT, = Tfl — TWL = 15 ns, i.e. 15-ns
time bins. For the purposes of the present work, the time conditions chosen correspond to
a minimum neutron energy of 2 MeV and a maximum of 20 MeV. The detection time of
the ~ flash, prompt ~ rays produced in the spallation target, was used as the reference time
for the time-of-flight. The absolute efficiency of the array has been determined through an
extensive series of measurements with calibrated y-ray standard sources, and the relative
efficiency curve obtained from the beam-off data was normalized to the absolute efficiency
curve taking into account target attenuation effects. The live time for y-ray detection was
determined from the ratio of the total number of ADC counts to the number expected from
a scalar gated by the beam-on condition. The peak areas were found from detailed fitting
using the newly developed code XGAM [7] with peak shape parameters and background
levels determined from a global fit to the spectrum.

The neutron flux was monitored using a fission chamber containing both 25U and 23U
foils [9] with thicknesses of & 410 ug cm™2 and 415 pg cm™2 located at 18.482 m and 18.495
m from the spallation source, respectively. Shown in Fig. 2 are the pulse height and time-

of-flight (TOF) data from the 23U fission chamber. In Fig. 2a), the pulse height is shown
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as extracted for the beam-on data. The vertical line shows the lower limit taken on the
pulse height in order to separate fission events from “a” events. Figure 2b) shows the raw
TOF spectrum obtained without any gating conditions on the pulse height, part ¢) with the
condition that events have a pulse height corresponding to the “a” events, and in part d)
the TOF for events with a pulse height corresponding to fission events. Included in the “a”
events are those resulting from the natural o decay of 23U, leading to the flat background
in the TOF spectrum of part c), and also those originating from neutron-induced reactions
on the backing material. The TOF spectrum in Fig. 2d) is converted to a neutron intensity
spectrum by using the known [10] 223U (n, f) cross sections, and taking the efficiency for
fission detection to be € = 0.97. The TOF bins correspond to the same neutron energies as
the TOF bins for the y-ray events, with the photofission events used as the reference time.
The fission-chamber live time is determined by taking the ratio of beam-on ADC events to

the total number as given by a scalar gated by the beam envelope.

The number of neutrons in a time bin from T* to TH is given by [§]

N,([T*, TH)) = iz; N,(7) /OOO \/%0'7— exp (—%) dr’, (2)

where 7 is the time of flight. The effect due to the finite time resolution is taken into account

and assumed to be Gaussian distributed. Since the neutron spectrum is not a constant, the
mean energy E, of the neutrons in the bin from time T to T is determined from
TH 2
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It should be noted here that in the plots of excitation functions, examples of which are shown

in Fig. 3, the horizontal F,, error-bars are derived from the variance and thus represent the
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width of the neutron energy distribution, rather than the uncertainty on the mean neutron
energy for the bin.

Figure 3 illustrates excitation functions derived from the GEANIE data for selected
transitions (all newly placed) with a range of initial spins. The TOF bins used to generate
the data were 15 ns wide, and the 23U fission chamber data were used to determine the
number of neutrons. The panels are labeled by the energy of the v ray and the spin of the
initial level. As can be seen, there is an evolution in the shape of the excitation function
such that, with increasing spin, the peak cross section shifts to higher energies. Therefore,
the shape of the excitation function can be used to indicate the spin of the initial level.
A complication arises, however, in the case of levels that experience v-ray feeding from
higher-lying states.

Multiplicity two-and-higher coincidences from both the planar and coaxial detectors were
sorted into a 4k x 4k ~-v matrix. Conditions were imposed on the TOF such that the time
of the events had to correspond to neutron energies between 1 and 13 MeV (to minimize
background from other reactions) and within ~ 40 ns (planar detectors) or ~ 80 ns (coaxial
detectors). Figure 4 displays portions of selected coincidence spectra with some of the more
prominent transitions, namely the 27 — 0 (2186 keV), the 47 — 5; (420 keV), and the
37 — 2§ (561 keV) v rays. The ability to establish coincidence relations, especially with
the the 420-keV and 561-keV ~ rays, allowed many transitions to be placed with confidence
as feeding the 47 or 37 levels. The 47 and 37 levels are less than 9 keV apart in energy and
therefore it is impossible to place transitions that feed them based only on the excitation

functions.

B. Measurements using the accelerator-produced neutrons at the University of

Kentucky

A series of experiments with the aim of investigating the level structure of %°Zr was

performed at the University of Kentucky van de Graaff accelerator facility. The methods



and techniques have been described in detail elsewhere [11,12], so only a brief outline is
given here.

Neutrons are produced with either the *H(p,n)3He reaction (Q = —0.763 MeV) or the
?H(d, n)*He reaction (Q = 3.270 MeV). The first reaction is used to produce neutrons
up to approximately 5.5 MeV, whereas the second is employed to produce neutrons up to
approximately 9 MeV. 3H or ?H gases were contained in cells 3.0 cm in length and 1.0 cm in
diameter at a pressure of 1 and 2 atmospheres, respectively, and separated from the beam-
line vacuum by a 33-pm thick Mo foil. Bunched beams of particles, with a pulse structure
of 1.875 MHz, ~ 1 ns in width, and a current of 1-2 A, bombarded the gas cells.

The scattering sample, consisting of 50.8 g of 97.2%-enriched *°Zr, was contained in a
polyethylene vial 3.5-cm high and 2.8-cm diameter, suspended at 0° with respect to the
beam direction and at a distance of 4.5 cm from the end of the gas cell. The sample was
viewed by an HPGe detector, with 32% relative efficiency, at a distance of 104.5 cm. The
detector was surrounded by an annular BGO shield for Compton suppression. This assembly
was surrounded by a series of Pb rings and borated polyethylene to reduce the number of
scattered neutrons and ~ rays reaching the detector. Mounted forward of the detector
assembly were a series of copper plates for fast-neutron shielding with a 7.5-cm central bore
and a tungsten wedge so that the Ge detector had no direct view of the neutron source.
Efficiency and energy calibrations were performed using radioactive sources of %2Eu, ¢Co,
and °°Co as well as v rays from the *Cl(n,y) reaction.

Excitation function measurements were performed in 0.1-MeV steps from 3.5 to 5.0 MeV,
and 0.5-MeV steps from 5.0 to 7.5 MeV, with the Ge detector positioned at an angle of 90°
with respect to the beam direction. The placement of ground-state transitions above 4
MeV in energy came exclusively from the Kentucky data, because the range in y-ray energy
of data collected with the GEANIE array was limited to < 4 MeV. Angular distribution
measurements were performed using neutron beam energies of 5.5 and 6.5 MeV. Spectra were
recorded at 5 angles between 30° and 145° (for E, = 5.5 MeV) and between 45° and 150°

(for E, = 6.5 MeV). The angular distribution data were normalized to yield an isotropic
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distribution for 7 rays from known 0" states. The angular distributions were fitted with the

form
W(8) = I,[1 4+ a2 P>(cos 0,) + asPs(cos b,)] (5)

applicable for transitions up to multipolarity two. Due to the limited number of angles,
reliable information on the a4 coefficient could not be extracted for many transitions. In
the case of mixed transitions, the mixing ratio, §, can be extracted when the initial spin is
known. The initial m-state population distribution is assumed to be Gaussian and described
by a width o [13]. An analysis of stretched E2 transitions yielded an average value of
o = 1.15(15). This value was then used in the analysis of mixed transitions, and it was
further assumed that ¢ had no spin dependence. As such, the values of § extracted are not
expected to be very precise, but they should yield an indication of whether a transition is
predominantly dipole or quadrupole in nature. Exceptions to this approach are those levels
where stretched E2 transitions also occur with sufficient strength that o could be determined
accurately, for example the 3308-keV 27 level.

In addition to the measurement of anisotropies, the angular distribution data yielded

Doppler shifts that were fitted with the expression

E,(6,) = E[L + BF(r) cos (6)

where Eg is the y-ray energy, 3 is the recoil velocity in the center-of-mass frame, 0, is the
angle of observation of the y-ray, and F'(7) is the attenuation factor. By performing a linear
fit of the observed v-ray energy as a function of cos#@.,, the experimental F'(7) value can be
extracted and compared with that calculated according to the formalism of Ref. [14], based

on Winterbon theory [15].

II1. DISCUSSION OF THE LEVEL SCHEME

A summary of the experimental results is presented in Table I, where the level scheme

has been determined using both the excitation functions and -y coincidences. In order for
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a y ray to be placed based on the excitation function alone, its placement had to be unique;
i.e., there could be no other choice for placement consistent with the threshold and shape
of the excitation function. Also reported in Table I are the relative intensities observed for
the decays from each level, and the ay angular distribution coefficient.

To make spin-parity assignments, data from all previous experimental studies of low-
lying levels in 9°Zr were considered. Particularly useful were experiments where charged-
particle angular distributions were measured. These included various inelastic scattering
experiments, (p,p’), (¢,t'), (o, @), and (e, €') [17-20], single-nucleon transfer reactions (p, d),
(*He, d), and (*He, a) [1,3,2], and two-nucleon transfer [21]. However, before this extensive
information could be used, a correspondence between the levels observed in the present
work and those in the previous studies had to be established. In some cases, this was
very straightforward. In others, difficulties arose from a doublet of levels unresolved (and
unknown) in the previous works, or from an apparent error in the energy calibration. In
the former case, the energy resolution achieved currently, ~ 2 keV for 1.3 MeV ~ rays, is
an order of magnitude superior to most inelastic scattering or transfer studies. In the latter
case, a new energy calibration had to be applied to some of the previous data to assure that
the levels corresponded to those observed in the current work. An example of this was the
(p, d) results [1], where the energy scale had to be adjusted significantly.

Below, individual levels are discussed where significant new information has been ob-

tained, or new spin assignments have been determined.

1. 8958.7-keV level

While only the eleventh excited state, this level had no ~-ray decays assigned to it.
The I™ value of 5~ was determined previously from (p,a) and (p,p’), (a, /), and (e, €)
reactions [4,17,19,20]. The present placement of  ray to the 47 and 57 levels, the shape
of the excitation functions, and the as angular distribution coefficients are consistent with

this assignment. A lifetime of 47 4+ 9 fs is measured for this level, and the mixing ratios are
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consistent with almost pure dipole transitions. The B(M1) values are 0.232 £ 0.045 and

0.178 4 0.034 p%; for the 5~ — 47 and 5~ — 57 transitions, respectively.

2. 4058.1-keV level

This level can be identified as the 41, 4062 + 5-keV level observed in the (p,p’), (o, o),
and (e, e’) studies [17,19]. The angular distribution of the 1871.9-keV 7 ray has a positive
as coefficient as expected for a stretched quadrupole transition. The shape of the excitation
function was also consistent with a spin-4 assignment. Therefore, I™ = 41, as determined in

the inelastic scattering studies, is adopted. The transition to the 27 level is enhanced with

B(E2) =7.6+3.1 W.u.

8. 4225.4-, 4229.0-, and 4232.0-keV levels

A triplet of levels was observed at 4.23 MeV in (e,€’) studies [20]; these states were
determined to have I™ values of 2*, 4, and 6. A peak at 4.22 MeV was also observed in
the (¢,t') reaction and given a tentative ¢ = 2 assignment, although the angular distribution
was rather poorly fit [18]. The (o, a’) [19] and (p, t) [21] reactions also provided evidence for
an ¢ = 2 transition to a level at 4.23 MeV. Levels at 4.23 MeV were populated in the (p, «)
reaction and with £ = 1 in the (*He, d) reaction [4,3], and finally a level at 4.22 MeV was
observed with ¢ = 4 in the (p,d) reaction [1|. The present work confirms that a triplet of
levels exists at this excitation energy — at 4225.4, 4229.0, and 4232.0 keV with spins (47), 27,
and (67), respectively. The unnatural parity of the 4= and 6~ levels explains their absence

in the inelastic hadronic scattering and two-neutron-transfer studies.

4. 4262.4-keV level

This new level is established from both the excitation functions and coincidence relations.

From the large number of transitions placed as decaying from the level to final states with
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2%.37,4~ and 47, the spin is immediately restricted to be 3 or 4*. If the level had I™ = 4%,
the 1514.8-keV transition to the 3~ level would have an angular distribution with a negative
as coefficient, contrary to the experimental result (a; = 0.38 +0.14). Thus, a 4T assignment
can be ruled out. If the level were a 3~ state, the 1185.6- and 2076.2-keV transitions to
the 47 and 2% states, respectively, would have stretched dipole character (negative as),
also contrary to the experimental results (as = 0.11 £ 0.20 and 0.44 4+ 0.10). Therefore,
a 37 assignment, consistent with the shape of the excitation function, is adopted for the
level. This spin-parity assignment is also consistent with its absence in inelastic scattering

experiments and in the (p, t) reaction.

5. 4299.2-keV level

This state can be identified with a 5~ level observed at ~ 4300 keV in the (e, €’) reaction
(see Fig.2 of Ref. [20]). A level was also observed at 4305-keV in the (p,p’) and (o, )
studies [17,19], although in the latter case an ¢ = 4 assignment was suggested. However,
the resolution obtained in the (a, /) reaction was such that this state could not be resolved
from the much stronger ¢ = 4 transition to the 4" level at 4332 keV. The (p, o) reaction [4]
populated a level with an angular distribution that appears to be a mixture of both £ =1
and ¢ = 3 transitions at 4.28 MeV; this is identified as the 4299-keV level. The shape of
the y-ray excitation functions in the present experiment favor a spin of 4 or 5. The angular
distributions of the decaying transitions to the 47 and 57 levels have positive ay values,
ruling out 4% or 5T assignments (if positive parity, at least one of these transitions would be
a stretched dipole with negative a ay value) and indicating negative-parity. Since this level

was observed in the inelastic scattering studies, a (57) assignment is tentatively adopted.

6. 4348.0-keV level

Observed for the first time in the present work, this state decays by a 1608.8-keV ~ ray

to the 47 level and a 2161.9-keV transition to the 27 level. While the negative ay coefficient
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for the latter v ray would indicate that the spin changes by at most 1 unit, the shape of
the excitation function definitely favors a spin-4 assignment. Therefore, a 4" assignment
is adopted. The discrepancy with the angular distribution data suggests that the 7-ray
transition to the 2] level may have some contamination (likely from 2%Bi); its F(7) value

is therefore also suspect.

7. 4454.8-keV level

This level is identified as the 4443-keV level observed as an ¢ = 4 transition in the
97Zr(p, d) reaction [1] and the 4457-keV level observed in the (*He, a) experiment [2]. The
transfer of a j = 9/2 neutron could populate final states with I™ = 2t—7*. The 7-ray decay
of the 4454.8-keV level populates states with 47, 4=, and 57, thus restricting the spin to 37,
4, or 5. The shapes of the excitation functions are consistent with a spin 4 or 5 assignment
and, combined with the transfer result, limit the I™ value to 4*,57. A 4% assignment is
inconsistent with the large positive as coefficient for the transition to the 5~ level; therefore,

a 5T assignment is adopted, in agreement with Refs. [1,2].

8. 4455.6-keV level

This new level is separated by only 0.8 keV from the previous 5% state; therefore, it is
possible that some of the decaying transitions are common to both. However, the y-ray
energies imply that if any of the peaks are actually doublets, the unresolved member must
have a rather small intensity since the Ritz combinations are satisfied well. The transitions
to the 3~ and 2% levels limit the spins to 17, 2, 3, or 4™; the shapes of the excitation
functions favor a spin 2 or 3 assignment, but the angular distributions are inconsistent with
a spin of 3. Therefore, a spin 2 assignment is adopted. Its absence in inelastic scattering

studies favors a negative-parity assignment.
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9. 4583.6-keV level

Transitions to the 27, 47 and 4] states, with a tentative decay to the 23 level, were
observed to have thresholds of 4.5 MeV, establishing a level at 4533.6 keV. The spin is limited
to the range 3—4 based on these decays. The angular distributions for these transitions are
not conclusive. However, the shapes of the excitation functions favor a spin 3 assignment.
With this assignment, the angular distribution of the transition to the 4~ level implies
a mixed E2/M1 multipolarity, thus yielding a negative-parity assignment. This level is

identified as the 4540-keV level observed in the (p, ) reaction [4] with an ¢ = 1 transition.

10. 4587.7-keV level

This new level decays to the 4] and 5; states. The decaying transitions restrict the
spin range to 3, 4, 5, or 67, while the shapes of the excitation functions favor a spin 4
assignment. While not conclusive, the angular distribution for the transition to the 5~ level

favors a mixed F2/M1 multipolarity, implying negative parity for the 4537.7-keV level.

11. 4562.1-keV level

This new level decays by a sole transition of 1822.8 keV to the 4, state. The angular
distribution of this y-ray has a negative ay coefficient, indicating that the spin difference
is at most 1 unit. The shape of the excitation function favors a spin 5 assignment. There
may be evidence of a 2243-keV transition to the 57 level as well, as the peak from a much
stronger 2240-keV transition appears to have a “shoulder” on its high-energy side. However,

the excitation function for this additional peak is inconclusive.

12. 4579.1-keV level

A spin-1 state was observed in the (v,7’) experiments [25] at 4580 4+ 2 keV, and the

ground-state transition as well as a more intense v-ray decay to the 0 level are observed
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in the present work. This level is suggested to be the 4.56 £+ 0.02 MeV state populated in
the (*He, d) reaction [3] with an ¢ = 1 transition. Since the #Y target has I™ = 1/27, the

4579.1-keV level is assigned as having positive parity.

13. 4591.4-keV level

This level was suggested previously to be a 3" level based on the strength observed in
the (p, d) reaction (although that work placed the level at 4578 keV) [1]. The angular distri-
butions of the 7 rays placed as decaying from this level in the present work are indicative of
dipole transitions, and the excitation functions are consistent with a spin 3 state. Therefore,

the previous 31 assignment is adopted here.

14. 4614.8-keV level

Transitions with energies of 1166.2, 1537.6, and 2295.4 keV are observed with thresholds
of ~ 4.7 MeV. These v rays decay to 47, 57, and 6" levels, establishing a new level at
4615 keV and limiting the spin to 4%, 5, or 67. The shapes of the excitation functions are

consistent with spin 6 only. Therefore, a 61 assignment is adopted.

15. 4781.9-keV level

This new level is observed to decay to the 5] level only. Its spin is therefore restricted to
the range 3—7. The excitation function, while not conclusive, favors a spin 3 or 4 assignment.
If the level were 37, an unlikely large B(£2) value of 19 W.u. for the transition would result.

Therefore, a spin of 4 is favored.

16. 4795.6-keV level

Identified with the 4.78(2) MeV level observed in the (p, ) reaction [4], this level decays

by a sole transition to the ground state. The positive ay coefficient implies a 2% assignment.

16



17. 4818.1-keV level

A new level is established at 4818.1 keV, with decay branches to the 3842.3-keV 2% and
the 2747.7-keV 3~ levels. The spin value is thus 17, 2, 3, or 47. The shape of the excitation
function strongly favors a spin 3 or 4 assignment. The angular distributions did not yield a

statistically significant as value.

18. 4840.3-keV level

This new level decays to the 47 and 3; levels, limiting the possible I™ values to be 27,
3, 4, or 5. The shape of the excitation function is inconsistent with spin 3 or 4, but is

consistent with spin 5. Therefore, a 5~ assignment is adopted.

19. 4867.5-keV level

This level can be associated with the 4875-keV state observed in the (p,p’) reaction
[17]. The decay pattern limits the spin to the range 47, 5, while the shape of the excitation
function favors a spin 5 assignment. Assuming this spin, the angular distributions of the
transitions to the 4™ and 6™ levels are inconsistent with pure dipole multipolarity, as would

be the case for the 5~ assignment. Therefore, 5T is adopted.

20. 4992.6-keV level

This level can be associated with the 4980-keV level observed in the (p,d) reaction
populated with an ¢ = 1 transfer. Since the !Zr target ground-state spin is 5/2%, an £ = 1
transfer transition could populate levels with spins in the range 17— 4~. This level is also
identified as being populated in the (*He,d) reaction [3] with an £ = 2 transition, limiting
the spin/parity range to 17— 37. The decaying transitions from this level populate final

states with spins 2%, 37, and 4. Combined with the transfer results, 2~ or 3~ are the only
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possibilities. The only reliable angular distribution that could be extracted was obtained
for the 1684-keV transition to the 2% level, which must be a pure dipole transition. Since

its as coefficient is positive, only a 27 assignment is consistent with all the data.

21. 5083.9-keV level

This level, identified as one part of a doublet populated by an ¢ = 2 transition in the
(3He,d) reaction [3], and hence having negative parity, decays by two transitions to the 37
and 47 levels. From the shape of the excitation functions, the spin can be restricted to

either 2 or 3, although a spin of 2 is favored.

22. 5090.3-keV level

This level is identified as the other part of the doublet populated with an ¢ = 2 transition
in the (*He,d) reaction [3]. The shape of the excitation function indicates a spin of 3.
Therefore, a 3~ assignment is tentatively adopted. The negative ay angular distribution

coefficient for the transition to the 2] level is consistent with this assignment.

23. 5107.9-keV level

This new level decays to the 2 and 4; states, yielding possible I™ values of 27, 3, or
4%, The shape of the excitation function and the positive as value for the transition to the

27 level are consistent with a 4% assignment; however, a spin of 3 cannot be ruled out.

24. 5172.0-keV level

This new level decays to both the 4, and 5] levels. The shape of the excitation function
favors a spin 4 assignment. The angular distribution for the 2432-keV ~ ray has a positive

ay coefficient, consistent with a Al = 0 dipole transition to the 4= state.
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25. 5175.7-keV level

A new level is established by a sole transition of 2989.5 keV to the 2] state. From the
shape of the excitation function, a spin of 3 or 4 is suggested. No useful information to

further restrict the spin value was obtained from the angular distributions.

26. 5183.6-keV level

Identified with the 5180-keV level observed in the (*He, d) reaction [3], this level decays
to the 0" ground state as well as the 2] level. This decay pattern limits the spin to 1 or
2. It is populated with an £ = 1 transition in the (3He, d) reaction [3], implying that it

has positive parity.

27. 5359.2-keV level

This new level was observed in the present work to decay by a single transition to the
4] state, restricting the spin to 2%, 3, 4, 5, or 6*. The excitation function for the 2282-keV
~ ray favors a spin assignment of either 3 or 4. The positive ay coefficient further rules out

negative parity if the spin is 3.

IV. CONFIGURATION ASSIGNMENTS

A wealth of complementary data are available on °Zr and is helpful not only for level
assignments but also for configuration assignments. Especially useful in this regard are the
results from transfer reactions, summarized in Fig. 5, and the inelastic scattering studies.
To these data, the results of the present work add ~-ray branchings and, in many cases,
transition rates or limits as given in Table II. In this section, suggested dominant compo-
nents in the wave functions will be given for many of the low-lying levels. These suggested

configurations should not be viewed as being pure (there can be a large degree of mixing
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of the configurations) but rather reflect the components that are sampled by the variety of
probes. Many of these assignments have been given in various other publications, but these
tended to concentrate on comparisons with the specific experimental data. In this study,
the results from all available data on %°Zr have been used in order to suggest configuration
assignments.

Since ?°Zr has a closed N = 50 neutron shell and closed Z = 40 proton subshell, it can be
expected that the low-lying levels can be approximated as simple particle-hole excitations.
For the present discussion, Sr, with its closed N = 50 neutron shell and P32 and f5/2
proton sub-shells, is taken as the core. The suggested dominant wave function components

are summarized in Fig. 6.

A. The (7Tp1/2)2 + (7rgg/2)2 configuration

For spherical shapes, the Z = 40 Fermi surface lies between the p;/; and gg/; orbitals.
Since both can couple to form I™ = 0% states, it is expected that a 0 state occurs at low
excitation energies in addition to the ground state in °Zr. This is indeed the case, and it
has been demonstrated (see, e.g., Ref. [34]) that these configurations mix appreciably. From
the ®Y(°He,d) reaction [3], the target ground state of which has the p;/» configuration,
the spectroscopic factor for the transfer of the p;/; proton to the ground state and the first
excited 0 state at 1761 keV are (2j+1)C%S = 1.31 and 0.52, respectively. The ground state
wave function, when written as [0%) = a(7p1/2)® + b(7gg/2)?, has a ~ 0.8 and b ~ 0.6 [1], or
is almost completely mixed. The remaining states from the (mgg/2)? coupling— 2%, 4*, 6,
and 8" —are then expected to form the yrast band, as observed in Fig. 6. All experimental
studies are consistent with these states having a predominantly (mgy»)? configuration, as
most recently demonstrated with the g-factor measurement of the 2} level [35]. However, the
large B(E?2) values for the transitions in the yrast band, most notably the B(E2;2{ — 07)
of 5.2+ 1.0 W.u., indicates a certain degree of collectivity in the wave function. A folding-

model analysis using Bohr-Mottelson collective transition densities for the 2% level (o, )
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data indicated that, while the deduced value of 1.04 +0.13 for the M,, /M, ratio was smaller
than the N/Z ratio of 1.25, it was larger than the value of 0.84 from RPA calculations [37],
suggesting an isoscalar contribution to the wave function. This contribution, however, must
be rather small since the g-factor is in excellent agreement with that expected for a pure
(mgo/2)? configuration [35].

Assuming a pure j2 configuration, the B(E)) values within the band are given by

2
T s . ]’]Il E
B(EXIT — I7) =4(25 + 1)(21; + 1) ‘(¢j||TA [,
Mpj

i (7)
where |¢;) is the single-particle wave function, {} indicates a 65 symbol, and 7,7 is the
transition operator. The ratios of the B(E2) values within the band are thus given solely by
ratios of spin factors. With the wave function for the 03 level determined from single-nucleon
transfer studies [1] of 0.8(mgg/2)? — 0.6(7p1/2)?, the B(E2;8% — 61)/B(E2;2% — 03) ratio
is predicted to be 0.497, in excellent agreement with the experimental value of 0.46 + 0.09.
Unfortunately, the B(E2) values for the other members of the (mgg/2)* configuration could
not be determined in the present study, but Fig. 7 shows the expected values based on Eq.(7).
Also shown are the values for the 21 — 0;; decay, where it can be seen that the decay to the
ground state is stronger than predicted using the wave function 0.8(mp1/2)? + 0.6(mgg/2)>.
This effect may be related to collective components in the 2] wave function not taken into

account here.

B. The 7p;/3mgg/> configuration

The breaking of a p;/; pair and promotion of one of the particles into the gy/, orbital
results in the coupling of these two orbitals to form 4= and 5~ levels that should occur at
low energy in 9°Zr. These states have been observed, the lower of the two, the 5= level
at 2319 keV, is an isomeric state that decays by an Eb transition to the ground state and
an E3 transition to the 27 level. The B(E5;5~ — 0f) value is 8.7 + 0.4 W.u., indicating

some degree of collectivity in this 5~ level. In fact, it has recently been suggested [36] that
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the lowest 5~ levels in the Z = 40-50 region are collective one-phonon (diatriacontapolar)
excitations. Evidence for this interpretation comes from the near constancy of their excita-
tion energies and large deformation parameters 35. Moreover, these states are significantly
populated in many transfer studies such as one- and two-neutron transfer reactions, a behav-
ior not expected for pure proton excitations. However, results from single-proton transfer
studies, as illustrated in Fig. 5, show that the wave function is dominated by the mp;/2mgg /2
configuration, and it is labeled as such. The 4= member, located at 2739 keV, is shown

convincingly in single-proton transfer studies [3,4].

C. The octupole phonon

The lowest 3 level at 2748 keV has a large B(E3;3™ — () value of 26 £ 3 W.u. as
determined from (e, €’) studies [20]. The inelastic scattering studies of Ref. [37] indicated that
this was an isoscalar excitation, with an M, /M, ratio of 1.31 £ 0.11 in excellent agreement
with N/Z = 1.25. This observation is taken as strong evidence for the octupole phonon
nature of the 37 level.

At about twice the 3~ energy, in the vicinity of 5.5 MeV, it may be expected that two-
phonon octupole excitations should occur. These would form a quadruplet of states with
spin-parities 07, 2%, 47 and 6. While in a region of increasing level density, it may be
possible that enough of the collective natures of these levels are retained to be observed in

highly sensitive Coulomb excitation experiments.

D. Excitations of the ®¥Sr core

The lowest 27 in ®Sr, occurring at 1836 keV, has a rather large B(E2; 2" — 05) =72+
0.2 W.u. [22] indicative of the collective nature of the wave function. Detailed calculations
support this notion [39], and list the main amplitudes as 7p; /127rp1 s2 and T f5’/§7rp1 /2, with
~20-30% of the wave function consisting of neutron 1p-1h contributions. The substantial

occupancy of the mp;/, orbital in the 2] wave function implies that one should consider any
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core excitation in *°Zr as coupling to the gg/s proton pair, with the (7gq/2)3_o+ @ Sro+ lying
lowest in energy, followed by the (7gg/2)%_o+ @®Sra+ coupled states. The expected excitation
energies for such states can be approximately found from the addition of the 88Sr 2% state
energy (1836 keV) and the (mgg/2)7_g+ o+ energies (1761- and 2186-keV, respectively) to be
3.6 and 4.0 MeV. The 2" level at 3308 keV showed a transverse form factor in the electron
scattering study of Ref. [20] that could only be explained by the presence of 7p3 /127Tp1 /2 and
7 f)3mp1 /a2 transitions. This level was assigned [20] as the (mgg/2)7_g+ ®**Sry+ state. If this
were a pure configuration, and assuming that there are no components in the ®Sry: core
state that involve the mgg s configuration, in the weak coupling limit the B(E2; [(mgg/2)%+ @
Sro+]o+ — (71—99/2)%]1{) values should equal B(E2;2{ — 0f) of the 3Sr core for J = Iy and be
zero otherwise. Examining the decay of the 3308-keV 2" state, the dominant decay is to the
(mge/2)5+ state, with a B(E2;25 — 2{) value of 2.7 £ 0.7 W.u., and weaker decays to the
0" states with B(E2;25 — 07) values of 0.44 + 0.12 and 0.77 + 0.29 W.u. for the ground
state and excited 0T state, respectively. This indicates a far more complicated structure
than given by (mgg/2)5_g+ ®**Sra+.

One resolution of the above discrepancy is that there is a major component of
(7g9/2)%_y+ in the initial-state wave function. Using the B(E2;23 — 27) value of 2.7 £+ 0.7
W.u., an amplitude of 0.6 is extracted, resulting in a wave function [0.8(mgg/2)3_q+ +
0.6(mgg/2)3_o+]@®Sro+. While explaining the 25 — 2 decays, this wave function would
result in B(E2;25 — 0%) values of 2.9 W.u. and 1.6 W.u. for the 05 and Of; levels,
respectively, much greater than the values of 0.77 + 0.29 and 0.44 £ 0.12 W.u. observed
experimentally; thus this mixing of (mgg/2)? configurations cannot be solely responsible.

At a higher energy, one may expect a series of levels resulting from the cou-
pling (mgg/2)5_p+ @*Sro+. In the weak-coupling limit, these should have decays to the
(7gos2)?, Iy = 2% level with B(E2) values equal to B(E2;2t — 0f) in ®Sr. At ~ 4
MeV, there are two levels, with I™ = 2% and 4", that have enhanced F2 decays to the
2186-keV 2% level. These transitions have B(E2) values of 6.2 + 1.4 W.u. and 7.6 &+ 3.1

W.u., respectively, in excellent agreement with the expected value of 7.2 + 0.2 W.u. from
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the 8Sr core. Further, the 23 level has no observable decay branch to the 05 level, while
the decay to the ground state is 0.99 £ 0.20 W.u. There is no clear evidence for a pure 0"
member of the (mgg2)3_,+ ®**Sra+ configuration; the 07 level at 4124 keV was populated
very strongly in the two-neutron-transfer reaction and was suggested to be a two-phonon
pairing vibration, the strength of which was fragmented over several levels [21]. One of these,
the 0% level at 4426 keV has a measurable lifetime that leads to B(E2;0" — 2{) = 2.1173
Wu. This state is assigned as having contributions from the two-phonon pairing vibration

and the (7rg9/2)2J:2+®888r2+ configuration.

E. The (7rp1/2)27rgg/27rp§/12 configuration

The promotion of a proton from the ps/, orbital into the gy/, orbital results in a quadru-
plet of states with spins 3~ to 6. These states can be identified from the results of the
9Nb(p, a) reaction, since the *Nb target ground state can be described as, in the simplest
approximation, 0.75(mgg/2)5 o+ + 0.66(7p1/2)2mgg/2, With the two ds/s neutrons coupled to
zero. In the work of Vergnes et al. [4], they identified levels at 3.95, 4.22, 4.28, and 4.54
MeV as resulting from the pickup of a ps/; proton, with the level at 3.95 assigned as a 5~
state. The 4~ level was observed in the (e, €’) reaction [20] and in the present work at 4225
keV. The 4534-keV 3~ level has been identified with the 4.54 MeV level in the (p, a) study
[4]. Therefore, only the 6~ level remains unassigned. This state was not identified in the
present study:.

Decays from the (mp; /2)27rgg/27rpg/12 configuration to the lower-lying mgg/2mp;/2 config-
uration involve the one-particle transition 7p;/; — 7ps/2, and thus should have enhanced
B(M1) values due to their spin-flip nature. Indeed, this is borne out by the B(M1;5, — 47)
value of 0.232 £ 0.045 u% and B(M1;5, — 5;) = 0.178 £ 0.034 u3;, amongst the largest
B(M?1) values observed in “Zr.

Using an initial state wave function of [[] ®7]77°® i1 ® j;l]‘]'}]i, transitions to a final

state configuration of [j ® 7;]™* are given by
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where ¢ labels electric or magnetic transitions. The reduced matrix element ‘(@-2 ||’Z:\§||¢]>‘
corresponds to transitions from j — jo. In the particular case of the (mp; /2)27rgg /27Dy, /12 —
Tgo/2TP1/2 transitions, Eq. (8) predicts that the 55 — 57 B(AM/1) value should be the largest,
a factor of 6 larger than the 5; — 47 B(M1) value. This prediction is contrary to the
experimental result, where B(M1;5; — 47) is the largest observed. Shown in Fig. 8 are the
observed B(M1) values compared to predictions assuming harmonic oscillator wave functions
and bare g factors (g7 = 5.58, g7 = 1) for the (7rp1/2)27rgg/27rpg/12 — Tgg/2TP1 /2 transitions.
While one expects that the calculated values should be larger than the experimental results,
transitions from the 45 and 55 states to the 4] level are observed to be much greater than
predicted. The origin of these large B(M1) values is unknown. It must be emphasized here
that, especially regarding the 4, — 4, transition, increasing the multipole mixing does not
solve the problem as this would result in an overly large B(FE2) value for the transition,

which is equally difficult to explain.

F. The (7p; /2)27rg9 /2T f5_/é configuration

The promotion of a particle from the 7 ff/5 orbital to the gy, orbital results in a series
of levels with I™ = 27—7". This configuration could be populated in the (p, ) reaction with
¢ = 3 transfer. In the work of Vergnes et al. [4], levels at 4.36, 4.47, and 5.10 MeV were
observed with an angular distribution indicative of ¢/ = 3 transfer. It is also apparent in
the high-resolution spectrum published in Ref. [4] that peaks at 4.28 MeV and 4.49 MeV
have an ¢ = 3 component. In the (e, €’) reaction, a 6~ level at 4231 keV had a transverse
form factor due to the gy/s fg/é proton configuration [20]. The negative-parity levels at 4232
keV (67), 4299 keV (57), 4375 keV (77), and 4495 keV (37) observed in the present work
are suggested as members of the (mp;/2)>mgy/om fg;é configuration. The 2~ member of the

quintuplet is suggested as the 4455 keV 2() level. The 4299-keV level is suggested to be
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mixed with the 57 member of the (7p1/2)*7gg/ 27Dy /12 configuration, leading to its observed
¢ =1 transfer component in the (p, ) reaction [4].

In a pure (7p; /2)27rgg /2T f@é configuration, M1 transitions to the gy 2mp; /2 states would
be forbidden. This is, however, not the case as can be seen in Table II. The 4232-keV 6,
4299-keV 57, and 4495-keV 3~ levels have large B(M1) values for decays to the 4= or 5~
Tgg/2mp1 /2 levels, indicating a very significant degree of mixing with the (mp;/2)*mgg/2mpy, /12
configuration. As is evident from Fig. 8, the large M1 strength cannot be explained with

the py/2 — ps/2 transitions solely.

G. The (ng/2)271'p1/271'p;/12 and (7rg9/2)27rp1/27rf5_/é configurations

Proton particle-hole excitations coupled to the spin-0 coupling of a pair of g9/ protons
should also lie at low-excitation energies in *°Zr, in the vicinity of the (mp;/2)*®p-h states.
The (mgg/2)*®p-h states have positive-parity, and thus their identification is more difficult
due to the number of other expected positive-parity excitations. The lowest-lying states
should be the [(1gg/2)?|7=0 @ Tp1/27p5)5 2% and 17 levels and the [(7go/2)?] =0 @ p1 /o7 f3
2" and 3% levels. The [(7gg/2)?] /=0 ® Tp1/27D5 /12 2% and 17 levels may be evident from their
expected large B(M1) values for decay to the lower-lying (mgg/2)? 0" and 27 states. The 1+
level at 4579 keV has a large B(M1;1" — 07) value of 0.19 £ 0.07 u%;, and the 4229-keV
2% level has B(M1;2% — 2) = 0.089 4 0.014 3. These levels are thus assigned as arising
from the [(mgg/2)?]j=0 ® TP1/27D5, /12 configuration. The lack of a clear signature makes the
assignment of the 2% and 3" levels of the [(wgg/2)?] /=0 @ Tp1/2™ f;/; more difficult, and the
only guide is the expectation that they lie close in energy to the [(mgg/2)?] /=0 ® Tp1/27P3, /12
states. The 37 level at 4262 keV is a prime candidate, with the (1,2%) level at 4237 keV a

candidate for the 2t member.
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H. The (7rp1/2)21/d5/21199_/12 configuration

Observed through the single-nucleon transfer reactions (p,d) [1] and (*He,«) [2], the 27—
7t levels are also seen in the present study. Lifetimes were obtained for the 2, 37, 4%, and 6™
levels. Except for the 47 level, the others have, as expected, rather weak B(M1) and B(E?2)
values for their decays. The 47 level has a surprisingly large B(M1; 47 — 4]) = 0.20240.034
u%, indicating that it does not have a pure configuration. The origin of this M1 strength is

unknown.

V. SHELL MODEL CALCULATIONS

The wave functions for *°Zr were obtained employing the OXBASH code [40] in a
model space of w0fs5/2, m1p3/2, m1p1/2, and 70gg 2 with the effective Hamiltonian of Ji and
Wildenthal [41] (JW). This Hamiltonian is designed for proton configurations for nuclei with
N = 50. The starting Hamiltonian was obtained from a two-Yukawa potential model for
the central force. An improved fit to 170 energy data points (ground state binding energies
and excitation energies) for nuclei from #2Ge to “Pd was obtained by varying 35 linear
combinations of the 65 two-body matrix elements in this model space. The experimental
energies were reproduced with an rms deviation of 150 keV. The resulting JW Hamiltonian
is given in the last column of Table I in Ref. [41]. Results for nuclei down to 8Zr obtained
with the JW interaction are discussed in Refs. [42] and [43]. The JW Hamiltonian has also
been used to calculate electromagnetic transition rates and magnetic moments for N = 50
nuclei [44].

The B(M1) and B(E2) values for ®°Zr were obtained with multi-particle transition
densities combined with single-particle matrix elements as discussed in Ref. [44]. The E2
single-particle matrix elements are based on harmonic-oscillator radial wave functions with
hiw = 8.80 MeV (a value that gives a rms charge radius close to experiment) and an E2

proton effective charge of e, = 1.5e. The M1 single-particle matrix elements are obtained
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with an effective proton spin g factor of 0.7 times the free-nucleon value, and with g, = 1 for
the orbital g factor. The reduction in the spin g factor comes from a combination of first-
order core-polarization, higher-order core-polarization and mesonic-exchange corrections to
the M1 operator. These effective operators are a little different from those used in Ref. [44],
but the conclusions that are drawn are qualitative and do not depend on this difference.
Note that there are no FE1 single-particle matrix elements in this model, and that all of
the E1 strength must come from admixtures of configurations involving orbits outside the
model space such as the 0f7/; and 1ds/, orbitals.

Since only proton configurations are employed, it cannot be expected that a one-to-
one correspondence between observed and calculated levels occurs. However, since the first
neutron ph state occurs at ~ 4.3 MeV, levels below this should be reasonably explained with
the proton configurations, with the caveat that collective components will not be properly
accounted for.

Shown in Figs. 9 and 10 are the results of calculations for the positive and negative
parities, respectively, compared with the present experimental results. Only levels below 5
MeV are plotted, with the calculated levels on the left and the experimental levels on the
right side of the figures. Overall, the calculations reproduce the excited state spectrum well;
below 5 MeV, 41 excited states are predicted and 49 are observed, of which 5 are assigned
as neutron ph states and, therefore, should not be considered. Of the 41 predicted levels, 27
are positive parity and 14 negative parity, compared to 29 (7 tentative) positive-parity (not
including the neutron ph states) and 16 (2 tentative) negative-parity levels observed. The
distribution as a function of spin agrees very well, as shown in Fig. 11 for the positive-parity
states. The energies of the levels are also well reproduced generally. The most notable
exceptions are the 37 and 17 levels, which are predicted ~ 560 keV lower than observed.

The transition rates do not display the same degree of agreement as the level energies,
however. Figure 12 shows the B(M1) values for selected transitions plotted with the abscissa
labeled by the state number (the n’th occurrence of the level with spin I with increasing

excitation energy); only the first 5 are shown. The calculated values are shown as lines
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joining the values and the experimental values as data points (where values are known).
Detailed agreement should not be expected here since minor adjustments in parameters
could result in an interchange of some levels, and further experiments could identify (or
clarify) additional levels of a particular spin. What is of interest, rather, are the trends
of the experimental and calculated results; do the calculations predict strong transitions
whereas experimentally none are found or wvice versa? It can be seen, for example, that
the 3~ levels have much stronger decays to the 4; and 3] levels than can be accounted for
in the calculations; none of the first 5 levels predicted results in such large B(M1) values.
A similar plot for selected B(E2) values, shown in Fig. 13, also reveals some additional
discrepancies. Enhanced E2 decays from the 27 states into the 27 level are observed that
are not reproduced in the calculations. These particular transitions correspond to states
that are assigned as ®Sr core excitations, known to have collective enhancements. Large
B(E2) values for the 4, — 4; and 55 — 5; transitions also cannot be accounted for, and
thus their origin remains unexplained.

An examination of the wave functions predicted shows that they are very complex, and
only for the lowest-lying states do single ph components dominate. For example, the low-
est 5~ level is dominated by the mgg/omp1/2 configuration (79%), as suggested in Fig. 6,
the second 5~ level by the (mpi/2)*mgo/2mpy, /12 configuration (72%), also consistent with
Fig. 6, whereas the third 5~ state has as dominant components 33% (mgo/2)*7 fk.)_/é + 23%
(mp1/2)* TGy o f5_/§ + 13% (mgg)2)*mp; /12. As another example, the first 6~ level, suggested
to be a member of the (mpi/2)*mgy/om fgé configuration, has a predicted wave function of
38% (mp1/2)*mgosam fo )y + 38% (mgos2)* f5 5 + 11% (wgos2)* (mp1y2) 7Dy o7 f5 5. Therefore, it
should not be surprising that simple ph configurations used to label the states in the present

work cannot describe all details of the levels, such as the transition rates.
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VI. SUMMARY

Levels in %°Zr have been investigated using the (n, n'y) reaction with both spallation and
monoenergetic neutrons. A detailed level scheme has been constructed, and spin assign-
ments made by consideration of all available data on “°Zr. Lifetimes for many levels have
been determined, and transition rates were deduced. Shell-model particle-hole configuration
assignments considering ®¥Sr as a closed core have been suggested for many levels below
~ 4.5 MeV. Unexpectedly large B(M1) and B(E2) values have been observed for many
transitions, and highlight the inadequacy of the simple shell-model configurations suggested
here. Shell-model calculations employing a space spanning 12 protons in the fpg shell repro-
duce the excitation energy spectrum well, but discrepancies arise in detailed comparisons of
B(M1) and B(E?2) transition rates for individual levels. More detailed studies of *°Zr are
clearly needed, including high-resolution (p, @) measurements. Experiments aimed at more
precise determinations of the multipole mixing ratios are also required.

This work was performed under the auspices of the U.S. Department of Energy by the
University of California, Lawrence Livermore National Laboratory and Los Alamos National
Laboratory under contracts no. W-7405-ENG-48 and W-7405-ENG-36, respectively. Work
at the University of Kentucky and Michigan State University are supported by the U.S.
National Science Foundation under grants PHY-0098813 and PHY-0070911.
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TABLES

TABLE I. Level scheme for °Zr determined from the °Zr(n,n’y) reaction. I, represents the

relative -ray intensity, normalized to 1.0 for each level, observed from the singles data. Uncer-

tainties quoted for the ~y-ray energies do not include an estimated 0.1 keV systematic uncertainty.

The multipole mixing ratios are extracted from the as coefficients assuming a Gaussian m-state

population distribution with ¢ = 1.15(15). If two values are given, the first has the smaller x?.

The final column lists the new results, i.e., either a newly placed ~ ray (denoted by ), or a newly

established level (L).

Ei (keV)
1760.695(76)
2186.205(19)

2319.019(22)

2739.338(24)

2747.673(23)

3076.816(20)

3308.198(29)

3448.132(28)

3589.309(31)

I

K3
O+

2+

4t

2+

6+

8+

E, (keV) E (keV)

2186.224(23)
2318.956(29)
132.716(18)
420.321(13)
429.0(3)
561.3(1)
2747.465(54)
329.125(15)
337.8(2)
757.802(36)
890.629(14)
1121.990(22)
1547.5P
3308.1(2)
1129.113(17)
141.178(15)
)

1270.16(16

0.0

0.0

1760.7

2319.0

2319.0

2186.2

0.0

274717

2739.3

2319.0

2186.2

2186.2

1760.7

0.0

2319.0

3448.1

2319.0

31

Irel

1.0
0.952(13)?
0.048(13)?

1.0

az

0.20(2)

0.05(2)

—0.06(1)
0.55(8)

—0.05(6)

0.40(3)

0.31(6)

0.29(3)

0.0(1)

0.25 [1.3]

L/~



3842.290(91)

3958.662(33)

4058.117(35)

4124.485(66)

4225.410(90)

4229.002(37)

4231.978(49)

4236.973(70)

4262.414(32)

4299.188(56)

4331.976(32)

2+

4+

0+

2t

3+

4+

1656.05(11
3842.23(39
1219.330(30

1639.600(39

(
(
(
(
(
1871.896(34
1938.258(63
(
(
(
(
(

1481.397(55

4229.3(2
1912.938(44
929.01(18
2050.808(86
2476.221(37
954.2(1
1185.556(51
1514.8(1
1523.074(44

2076.195(43

)
)
)
)
)
)
)
)
)
)
)
)
)
2042.731(39)
)
)
)
)
)
)
)
)
)
)
)
1980.058(76)

)

(

(
1559.907(68

(

(

1255.179(32

2186.2

0.0

2739.3

2319.0

3076.8

27477

2739.3

2186.2

2186.2

2747.7

2739.3

2319.0

27477

2186.2

0.0

2319.0

3308.2

2186.2

1760.7

3308.2

3076.8

2747.7

2739.3

2186.2

2739.3

2319.0

3076.8

32

0.46(5

0.54(5

0.43(14

0.30(8
0.47(7

0.50(25

)

)
)

)
)
)

1.1 [0.3]

0.08
0.06

—0.11

0.31

—0.57

0.04 [2.0]

0.5

0.06

—3.1[=0.2]

0.6
0.34
0.85

0.1



4348.106(39)

4374.809(71)

4426.439(53)

4454.751(45)

4455.617(38)

4474.369(69)

4494.846(46)

4533.577(39)

4537.747(47)

4541.465(45)

4562.094(53)

4579.07(13)

4591.404(46)

4+

6+

1(+)

3+

1584.245(39)

2012.9(2)

1608.8P
2161.873(34
2055.765(67
2240.204(50

1377.74(12

1707.898(53

)
)
)
)
1715.73(14)
)
)
2269.401(44)

)

(

(

(
2135.695(45

(

(

(

1726.678(65
1735.1P
1747.2(2)
1755.489(39)
[1225.3(2)]
1456.783(42)
1794.153(58)
2347.6°
1460.951(57

(
2218.650(69
(
2222.427(40
(
(

)

)

)

)
1822.736(47)
2818.33(10)
)

)

2747.7

2319.1

2739.3

2186.2

2319.0

2186.2

3076.8

2739.3

2319.0

2747.7

2186.2

2747.7

2739.3

2747.7

2739.3

3308.2

3076.8

2739.3

2186.2

3076.8

2319.0

3448.1

2319.0

2739.3

1760.7

0.0

2747.7

33

0.513(14)

0.105(20)

1.0
1.0
1.0
0.119(22
0.138(50
0.743(51

0.427(25

)
)
)
)
0.573(25)
0.713(33)
0.287(33)
0.047(30)
0.953(30)

0.104(13)]

—0.08(5)

—0.12(5)
0.31(19)

0.00(7)

0.53(10)
—0.10(7)

0.32(9)

—0.08(3)

0.54(11)

0.12(9)

0.28(27)

—0.01(7)

0.43(6)

0.024

~0.02 [-6.4]

2.0 [—0.4]



2405.177(73) 21862 27 0.268(9) —0.38(7)  —0.07
4614.428(85) 61 1166.24(12)  3448.1 6%  0.401(41)
1537.64(12)  3076.8 4t 0.303(41)
2295.4>  2319.0 5 0.296(31)
4640.601(51) 7,8  1051.286(40)  3589.3 &% 1.0
4646.7(3) 1,2+ 2884.8(13)  1760.7 0t 0.845(24)
4646.6(3) 0.0 0"  0.155(24)
4681.469(86) 2+ 1933.774(83)  2747.7 3~  0.506(46)
2495.2°  2186.2 2t  0.207(31)
4680.8(2) 00 0"  0.286(43)  0.51(7)
4701.149(87) 2t 1953.26(17)  2747.7 3~ 0.396(18)
2514.76(13)  2186.2 2T 0.154(11)
2940.60(12)  1760.7 0T  0.376(17) 0.51(11)
4701.2(3) 0.0 0"  0.074(16) 0.67(36)
4774.312(84) (1,2)*  537.342(50)  4237.0 (1,2)t 0.254(24)
2587.96(25)  2186.2 2T 0.746(24)
4781.87(19)  (37),4  2462.81(19)  2319.0 5~ 1.0
4795.6(3) 2+ 4795.5(3) 0.0 ot 1.0 0.48(31)
4814.489(63) 3~ 2066.947(78) 27477 3~ 0.755(47)  0.67(26) 0.34
2495.7°  2319.0 5 0.120(23)
2628.013(95)  2186.2 2+ 0.125(24) —0.02(9)
4818.080(67)  3,4% 975.75(15)  3842.3 2+ 0.142(28)
2070.388(68)  2747.7 3~  0.858(28)
4824.32(11) 2+ 1747.2(2)  3076.8 4% 0.06(4)
2638.07(11)  2186.2 2T  0.801(40)  0.34(6) 0.11 [1.7]
4823.9(5) 0.0 0F  0.139(25) 0.75(14)
4840.296(66) 5~ 1763.462(63)  3076.8 4T  0.697(36)
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4867.493(67)

4932.6(4)

4941.861(77)

4992.560(83)

5060.84(12)
5068.6(6)

5083.85(10)

5090.29(24)

5107.92(18)

5113.1(10)

5171.99(13)

5175.74(32)

5183.61(17)

5223.05(19)
5232.23(30)

5270.82(16)

5+

1,2+

4+

o

7t

1-

2092.6°
1419.23(10)
1790.733(81)
2128.1P
4932.5(4)
1865.025(75)
2623.0(2)
1150.3°
1684.345(78)
2244.5(3

)
2252.9(2)
1612.69(11)

)

5068.4(6

2(-) (37) 2336.180(97)

(37)

3,47

1+’2+

4+
34T

3,4

2345.7(3)
2904.03(23)
2921.66(18)

2368.6°
2365.0(10)4
2432.01(30

(

2853.06(14

2989.48(32
(

2997.47(21

2483.67(19

)
)
)
)
5183.2(3)
)
3045.97(30)

)

2531.44(16

2747.7

3448.1

3076.8

2739.3

0.0

3076.8

2319.0

3842.3

3308.2

2747.7

2739.3

3448.1

0.0

2747.7

2739.3

2186.2

2186.2

2739.3

27477

2739.3

2319.0

2186.2

2186.2

0.0

2739.3

2186.2

2739.3

35

0.734(45)
0.266(45)
1.0

1.0

1.0
0.357(33)
0.643(33)
1.0
0.457(66)
0.543(66)
1.0
1.0

1.0

0.58(14)

0.75(16)

0.35(7)

0.51(14)

0.25(11)

0.57(33)

0.41(23)

—-1.0

0.8

—-0.1



5305.97(20)

5307.8(2)

5312.8(2)

5317.70(26)

5359.24(16)

5379.83(25)

5426.1(2)

5437.79(23)

5457.75(16)

5504.8(2)

5513.25(13)

5564.20(36)

5590.6(2)

5601.77(41)

2+

37,4+

1,(2%)

34

4+

2+

4+

24

2+

3,47F

5305.8(2)
2560.2(4)
2988.9(2)
3121.3(2)
(3551.4(6)
5312.6(2
2570.21(36
3131.23(36
2282.40(16
3193.57(25
2118.1(2
3106.8(2
3239.7(2
2690.08(23

3676.6(2

)
)
)
)
)
)
)
)
)
)
)
5436.9(2)
2380.64(28)
2710.18(20)
3744.5(5)
5504.5(2)
2436.47(29)
2765.79(17)
3377.93(36)
2842.9(2)
3404.1(2)
5590.9(3)

)

3415.49(41

0.0

2747.7

2319.0

2186.2

1760.7

0.0

2747.7

2186.2

3076.8

2186.2

3308.2

2319.0

2186.2

2747.7

1760.7

0.0

3076.8

27477

1760.7

0.0

3076.8

2747.7

2186.2

27477

2186.2

0.0

2186.2

36

1.0
0.097(40)
0.154(31)

0.750(47)

1.0
0.576(67)
0.424(67)
1.0
1.0
0.482(86
0.384(66
0.133(28
0.618(20

0.210(17

)
)
)
)
)
0.180(11)
0.34(11)
0.66(11)
0.567(31)
0.433(31)
0.340(75)
0.640(75)
1.0
0.181(30)
0.523(24)
0.297(17)

1.0

0.26(19)

0.34(13)

0.65(36)
—0.14(14)
0.48(23)

0.47(19)

—0.43(12)

—0.21(16)

0.55(14)

0.49(32)



5607.69(29

5651.23(30

5775.09(51

(29)
(30)
5724.27(43)
(51)
5821.73(63)

)

5846.34(52

3,47F

2299.46(29

2911.84(30

)
)
3537.99(43)
)
3635.45(63)

)

(
3588.81(51

(

(

3660.05(51

3308.2

2739.3

2186.2

2186.2

2186.2

2186.2

2+

2+
2+
2+

2+

1.0 Ly
1.0 0.25(18)

1.0 —0.22(15)

1.0

1.0

1.0

2Branching ratio from Ref. [16].

PEnergy of v ray from level energy difference. Peak in singles spectrum is part of an unre-

solved doublet or is influenced by rapidly varying background.

“Branching ratio could not be determined due to contamination from a 2%*Bi 1608.6 keV ~

ray. Placement is based on the coincidence relation only.

4Energy from 7-ray coincidence spectra.
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TABLE II. Transition rates for y-ray decays in °Zr determined from the %°Zr(n, n'y) reaction,

or taken from Ref. [16]. For the cases of mixed E2/M1 traunsitions, the ¢ values are taken from

Table I. Bracketed values are calculated using the second possible solution for 6.

E; (keV) F(1) T (fs) IT E¢ (keV) I7 B(E1) (x107°W.u)  B(E2) (W.u.) B(M1) (42)
1760.7 88.4(36) ns 2 ot 0.0 ot p2(E0) x 10% = 3.3(17)P
2186.2 127(4)2 2+ 1760.7 Ot 5.2(10) @
0.0 ot 5.37(18)
2319.0 1167(4) ms @ 5~ 0.0 ot B(E5) = 8.7(4) Wu @
2186.3 2+t B(E3) = 0.18(6) Wu @
2747.7 6.8(9) ps © 3—  2319.0 5- 0.058(24)
2186.2 2+t 0.013(5)
0.0 ot B(E3) = 26(3) Wu ©
3308.2  0.29(5) 140%3) 2t 21862 2t 2.7(7) [28(8)] 0.088(25) [0.035(10)]
1760.7 0t 0.77(29)
0.0 ot 0.44(12)
3448.1  0.01(1) > 2100 6t 3076.9 4t <44
2319.0 5~ <0.16
3589.3 189(6) ns 2 8+t 34481 67t 2.40(16)
2319.0 5~ B(E3) = 0.052(3) Wu
3842.3  0.61(4) 35(7) 2+ 21862 2t 6.2(14) [0.9(2)] 0.023(5) [0.048(10)]
0.0 ot 0.99(20)
3958.7  0.54(5) 47(9) 57 2739.3 4~ 0.6(1) 0.232(45)
2319.0 5~ 0.14(3) 0.178(34)
4058.1  0.23(7) 17099 4t 3076.8 4t 0.18(8) 0.024(11)
27477 3~ 0.047(25)
2739.3 4~ 0.026(17)
2186.2 2t 7.6(31)
4225.4  0.67(6) 29(7) 4= 27477 37 < 25(8) < 0.092(30)
2739.3 4~ 9.5(23) 0.37(9)
2319.0 5- 2.0(6) 0.038(12)
4229.0  0.59(3) 39(4) 2t 27477 3~ 1.3(3)
2186.2 2t 0.020(3) [10.2(16)] 0.089(14) [0.018(3)]
0.0 ot 0.093(18)
4232.0 0.46(15) 65753 (67) 2319.0 5 41731 0.1075-98
4237.0  0.26(4) 150(30) (1,2+) 3308.2 2F
2186.2 2%t
1760.7 0t
4262.4  0.11(3) 4001729 3+ 33082 2t 0.027(9) 0.011(4)
3076.8 4T 4.6(16) [0.20(6)) 0.0011(4) [0.012(4)]
27477 3~ 0.052(19)
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4299.2

4332.0

4348.1

4426.4
4455.6

4474.4

4494.8

4533.6

4537.7

4541.5

4562.1
4579.1

4591.4

4646.7

4681.5

4701.1

4781.9
4795.6
4818.1

0.56(6)

0.50(4)

(0.57(8))

0.15(8)
0.20(4)

0.19(10)

0.47(5)

0.37(11)

0.22(7)

0.39(7)

0.20(7)
0.89(4)

0.21(4)

0.90(11)

0.56(6)

0.45(4)

0.75(23)
0.85(8)
0.21(12)

44(9)

54(9)

(42(10))

+340
2907170

200170
2207280
61(11)

+50
100755

+100
190742

+24
85 18

+140
20074

7.4(2.9)

+60
2007150

7(6)

44(10)

66(10)

+32
2077,

+8
1078

+280
200700

(67)

4+

(4%)

o+

2(—)

1+

4(-)

6+

1(+)

3+

1,2+

2+

2+

(37)4
2+

3,4%

2739.3
2186.2
2739.3
2319.0
3076.8
2747.7
2319.1
2739.3
2186.2
2186.2
2747.7
2186.2
2747.7
2739.3
2747.7
2739.3
3308.2
3076.8
2739.3
2186.2
3076.8
2319.0
3448.1
2319.0
2739.3
1760.7

0.0
2747.7
2186.2
1760.7

0.0
2747.7
2186.2

0.0
2747.7
2186.2
1760.7

0.0
2319.0

0.0
3842.3
2747.7

39

0.10(3)

1.2(2)
0.16(3)

0.012(3)

+0.21
0.317574

+0.08
0.127 07

0.26(12)
0.93(43)

0.030(16)

+0.16
0317513

0.48(11)

0.28(7)

0.77(19)

0.39(6)

0.20(7)
2.9(6)
7.1(15)

0.77(13)

< 17(4)

+1.3
21777

+0.0005
0.00297 5 5008

< 1.6(10)
0.013(2) [31(6)]

3.3(15) [0.57(26)]

+1.1
<2131

< 19(7)

0.19(5)

< 1.7(5)
0.10(3)

< 0.79(13)
0.88(14)

0.017(4)

1.1(7)

0.0041(14)
0.102(21)
0.064(13)
0.202(34)

+0.004
0.0247 " 006

< 0.008(5)
0.16(3) [0.0039(7)]

0.0045(21) [0.019(9)]

+0.009
< 0.01770:509

< 0.038(14)

0.19(7)

0.036(15)

0.0037(9)

< 0.017(5)

< 0.008(1)



4824.3

4840.3

4867.5

4932.6

4941.9

4992.6

5068.6
5083.8

5107.9

5172.0

5175.7
5183.6

5232.2

5270.8

5306.0

5307.8

5312.8

5317.7

5359.2

5379.8
5426.1

5437.8

0.49(6)

0.30(7)

0.21(5)

0.16(11)

0.44(6)

0.14(5)

0.85(18)
0.46(8)

0.37(12)

0.64(8)

0.65(11)
0.85(6)

0.59(4)

0.70(33)

0.69(5)

0.32(13)

0.39(6)

0.15(5)

0.64(4)

0.67(5)
0.42(9)

0.61(3)

+15
58715

+40
120755
+70
200170
+
260749
70(15)

+180
300745

+19
107}

+18
6671,

+60
100*59

+11
333

+30
3277,

10(5)

49(4)

+76
24754

25(7)

+115
105732

85(15)

+160
280710

33(5)
29(6)

+28
7575

35(5)

2+

5+

1,2%
4+

2(2),(37)

(3),4%

(4)

3,4%
1+,2+

3,4Jr
3,4
2+

3-,4+

1L,(2%)

314
4+

2+

3076.8
2186.2

0.0
3076.8
2747.7
3448.1
3076.8
2739.3

0.0
3076.8
2319.0
3842.3
3308.2
2747.7
2739.3

0.0
2747.7
2739.3
2186.2
2739.3
2739.3
2319.0
2186.2
2186.2

0.0
2186.2
2739.3

0.0
2747.7
2319.0
2186.2
1760.7

0.0
2747.7
2186.2
3076.8
2186.2
3308.2
2319.0
2186.2
2747.7
1760.7

0.04470-002 [2.7707] 0.04275-958 [0.01175-00%

2.2(15)
—0.009
0.031(10)
0.517012
21758
45713
21555
00265813
< 16(4)
0.09(2)
0.18(7)
0.19(7)
< 0.34(13)
< 0.21(9)
0375 %
L6555
0.32(9)
< 0637026
0.024(10)
3.5(7)
0337013
0.6015-25
0025750
0.44(6)

0.30(5)

—0.002

+0.005
0.0157 5 502

+0.006
001875996

< 0.09(2)

< 0.003(1)
< 0.002(1)

+0.0029
< 0.0069+9-0029



5457.7

5504.8

5513.2

5564.2
5590.6

5601.8
5607.7
5651.2
5724.3
5775.1
5846.3

0.73(3)

0.85(2)

0.18(8)

0.87(6)
0.73(2)

0.61(4)
0.76(12)
0.50(5)
0.63(5)
0.61(10)
0.75(35)

23(4)

11(1)
+110

230718

11(4)
23(3)

35(6)

+13
20775

65(7)
32(6)
35730

+63
2077,

3,4+

3,4+t

0.0
3076.8
2747.7
1760.7

0.0
3076.8
2747.7
2186.2
2747.7
2186.2

0.0
2186.2
3308.2
2739.3
2186.2
2186.2
2186.2

0.037(6)
< 6.9(26) < 0.065(24)
0.73(18)
0.47(5)
0.11(1)
0.17(4)
< 1.7(2) < 0.033(4)
0.081(11)

2 From Ref. [16].

> From Ref. [30].

¢ Calculated using B(E3) 1= 0.087(10) e?b? from Ref. [31]. The lifetime listed in the Nuclear

Data Sheets [16] used B(E3) 1= 0.027(5) *b?® from (}70,}70’) data [32]. However, it has

been shown [33] that a folding-model analysis of the (170,'70’) data provides a superior fit

of the angular distributions and results in B(E3) 1= 0.071 e?b3.
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FIG. 1. Coaxial HPGe 7-ray spectrum observed with the GEANIE spectrometer and a %°Zr
target with the condition on the time-of-flight corresponding to 2-12 MeV neutrons. Some of the

907y transitions are labeled with their energies.
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FIG. 2. Data obtained from the 23®U fission chamber used to determine neutron intensity at
the WNR spallation neutron source. In part a), the pulse height spectrum is shown. The vertical
line corresponds to the lower limit on the pulse height for a signal to be considered a fission event.
In part b), the raw time-of-flight (TOF) spectrum is shown, defined as the time of the event in
measured relative to the proton beam burst. Part ¢) shows the TOF spectrum resulting from the
condition on the pulse height labeled as “a” events, whereas part d) shows the TOF spectrum for

fission events.
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FIG. 3. Partial v-ray cross sections obtained from GEANIE data for bombardment of a 90Zr
target with neutrons obtained from the WNR spallation neutron source. The excitation functions

are labeled with the v-ray energies and the initial spins. All transitions shown are newly placed.
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FIG. 5. Summary of results from nucleon-transfer reactions into °Zr [1-4]. The panels are
labeled with the reaction used. Only results up to 5.5 MeV, and those where the transfer peak
could be identified with a level observed in the present work, are shown. The (p,d), (*He,a),

(®He,d), and (p, ) data are taken from Refs. [1-4], respectively.
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FIG. 7. B(E2) values for decaying transitions within the (mwgq /2)2 configuration. The bold line
joins the predicted values using Eq. (7) and the 2] — 05 transition to determine the transition
matrix element. The values slightly to the left of spin 2 are for the decay to the ground state,

where the filled circle is the predicted value.
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the mgg/omp1 /2 configuration. The open points and solid line are the experimental and theoretical
values, respectively, for decays to the 4= state, whereas the solid points and the dashed line are
those to the 5~ state. The theoretical values were calculated using Eq. (8) with reduced matrix

elements from harmonic oscillator wave functions assuming bare proton g factors.
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FIG. 12. B(M1) values predicted from shell-model calculations (lines) using OXBASH and

observed (data points, as given in Table IT) plotted as a function of state number.
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observed (data points, as given in Table IT) plotted as a function of state number.
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